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Abstract

Key message A hypergeometric model is proposed

explicitly instead of two previous stochastic models (the

Poisson model and Neyman-A model) to describe the

topological relationship of trees and the influence of the

exclusion distance on gap fraction and clumping index

of forest plantation canopies.

Abstract Gap fraction (GF) and clumping index (CI) play

key roles in plant light interception, and therefore they

have strong impacts on plant growth and canopy radiative

transfer processes. Trees are usually assumed to be ran-

domly distributed in natural forests in many previous

studies. However, few studies have shown how trees are

distributed in forest plantations and how these distribution

patterns affect GF and CI in these forests. In this paper, a

simple and general distance factor defined as relative

allowable shortest distance between centers of two adjacent

crowns divided by the mean diameter of the crowns

(RASD) is proposed to describe quantitatively the degree

of mutual exclusion among trees in forest plantations of

various tree distribution patterns. A hypergeometric model

is proposed instead of two previous stochastic tree distri-

bution models (the Poisson model and Neyman-A model)

to describe the topological relationship of trees and the

influences of the exclusion distance on the GF and CI of the

forest plantation canopies. The results show that: (1) the

hypergeometric model is more suitable than the Poisson

model and Neyman-A model for describing the topological

relationship of trees in forest plantations; (2) the exclusion

distance has strong impacts on GF and CI: there are sig-

nificant differences between the results of the hypergeo-

metric model and the Poisson model. Larger RASD causes

lower GF and larger CI. The simulations are verified by

field measurements in four forest plantation stands. Simi-

larly, impacts of RASD on GF and CI are also found for

other two crown shapes (prolate and oblate ellipsoids).

Keywords Forest plantations � Exclusion distance �
Hypergeometric distribution model � Gap fraction �
Clumping index

Introduction

Plant canopy structure exerts a major influence on the

radiation regime within the canopy. In forests, the structure

of the tree overstory influences not only radiation absorp-

tion by the trees for photosynthesis and energy exchange

with the atmosphere (Ross 1981) but also radiation trans-

mission to the understory and the soil surface that has

various physical and ecological significance in the forest

ecosystem (Niinemets 2010; Duursma et al. 2012; Xue

et al. 2011). These canopy structural effects are often

Communicated by R. Matyssek.

& Qing-Jiu Tian

tianqj@nju.edu.cn

1 International Institute for Earth System Sciences, Nanjing

University, Nanjing 210023, China

2 Jiangsu Provincial Key Laboratory of Geographic

Information Science and Technology, Nanjing University,

Nanjing 210023, China

3 Department of Geography, University of Toronto, 100 St.

George Street, Toronto, ON M5S 3G3, Canada

4 State Key Laboratory of Remote Sensing Science, Institute of

Remote Sensing and Digital Earth, Chinese Academy of

Sciences, Beijing 100101, China

5 University of Chinese Academy of Sciences, Beijing 100049,

China

123

Trees (2016) 30:1683–1693

DOI 10.1007/s00468-016-1400-y

http://crossmark.crossref.org/dialog/?doi=10.1007/s00468-016-1400-y&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/s00468-016-1400-y&amp;domain=pdf


quantified using canopy gap fraction (GF) and clumping

index (CI). These parameters are closely related to the light

interception or capture by the canopies, and therefore they

are very important for understanding the radiative transfer

and physiological processes in the canopies (Massonnet

et al. 2008; Talbot and Dupraz 2012; Yang et al. 2015). GF,

also known as gap frequency or gap probability, is defined

as the probability of a ray of light passing through the

canopy without encountering foliage or other plant ele-

ments (Li and Strahler 1988). It can be expressed using the

well-known Lambert–Beer model as:

P hð Þ ¼ exp �k � L=cosh½ � ð1Þ

where P hð Þ is GF at solar zenith angle h, k is the projection
coefficient quantifying projection of foliage area on a plane

perpendicular to h, and L is the leaf area index (LAI)

defined as one half the total leaf area per unit horizontally

projected ground surface area (Chen and Black 1992;

Duursma and Makela 2007). The Lambert–Beer model

assumed that light-intercepting objects are randomly dis-

tributed in space. However, the spatial random distribution

of leaves is clearly a poor assumption for most forest

canopies. For this reason, a leaf dispersion parameter is

frequently introduced as:

P hð Þ ¼ exp �k � L� X=cosh½ � ð2Þ

where the dispersion parameter X is often referred to as CI,

which is defined as the ratio of the effective LAI to the true

LAI, and is an important vegetation structure parameter to

quantify the influence of the spatial agglomeration of

leaves or shoots on radiation transmission through the

canopy (Chen and Cihlar 1995; Nilson 1971). CI is useful

in many ecological models because it provides new infor-

mation in addition to the effective LAI retrieved from

remote sensing and allows accurate separation of sunlit and

shaded leaves in the canopy (Chen et al. 1999, 2005).

GF and CI have been studied at many scales, i.e., sub-

crown, crown, and stand as well as mapped at regional and

global scales using remote sensing data (Chen et al. 2005;

Demarez et al. 2008; He et al. 2012; Iio et al. 2009; Mottus

et al. 2006; Nelson et al. 2014). At the crown or sub-crown

scale, the methods of three-dimensional (3-D) architectural

simulations were usually used to calculate GF and CI by

modeling the organization of leaves in canopies (Da Silva

et al. 2014; Lewis and Disney 2007; Munier-Jolain et al.

2013; Sinoquet et al. 2007; Zheng et al. 2013). However,

reconstruction of detailed canopy architecture in a com-

puter is still very labor-intensive and time-consuming. At

the stand level, GF and CI have been extensively modeled

based on various tree distribution models in the field of

remote sensing (Chen and Leblanc 1997; Li and Strahler

1988; Nilson et al. 2011). These models usually describe

plant structural parameters (i.e., the spatial positions of

crowns) to meet a specific probability distribution. There-

fore, they have a much higher execution speed than 3-D

architectural simulations, and they can also guarantee

certain accuracy reliable for a wide range of applications.

For example, the Poisson model was used to describe the

spatial relationship of trees in early geometric-optical

models for natural forest canopies (Li and Strahler 1988).

The influences of clumped tree distributions (Franklin et al.

1985) on radiative transfer in natural forests have been

previously considered using the Neyman-A type distribu-

tion (also called the double-Poisson distribution) (Chen and

Leblanc 1997; Franklin et al. 1985).

The above-mentioned studies are all focused on natural

forests. However, few studies have shown how trees are

distributed in forest plantations which tend to have regular

tree distribution patterns due to human influence, and how

these distribution patterns affect GF and CI. Although the

exclusion effect had been considered in the five-scale

geometric-optical model for forest canopies (Leblanc et al.

1999), the exclusion distance was a prescribed value and

not described explicitly according to the specific geometry

of crowns. China has 6.9 9 1012 m2 forest plantations,

which is about one-third of the total forest plantations in

the world according to the eighth national forest resources

inventory of China. Therefore, it is necessary to study tree

distribution patterns in forest plantations and influences of

these patterns on GF and CI. The aims of the paper are to:

(1) define a simple and general exclusion distance factor

for quantifying the degree of the mutual exclusion among

trees in forest plantations; (2) develop a statistical tree

distribution model suitable for forest plantations at the

stand level; (3) exhibit how tree distribution patterns

impact GF and CI in forest plantations.

Theory and methods

Stochastic tree distribution models for natural

forests

The Poisson model

The Poisson model is a common tree distribution model to

express topological or spatial relationships of trees in nat-

ural forests in the fields of tree physiology, forest ecology

and remote sensing (Franklin et al. 1985; Russell et al.

1989; Li and Strahler 1988). Based on the hypothesis of

random distribution of natural resources, the Poisson model

assumed that trees are completely randomly distributed in

natural forests. Then GF of a forest can be calculated using

the Poisson model as
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PP t hð Þ ¼
XNc

i¼0

PP ið Þ � 1� tc hð Þ � 1� Pc hð Þð Þ
S� cos hð Þ

� �i
ð3Þ

where PP t hð Þ is GF of the Poisson model, Nc is the total

number of trees in the forest, and S is the area of the forest.

PP ið Þ represents the Poisson probability of finding i trees in

a quadrat (a forest is divided into a number of equal-sized

quadrats), tc hð Þ is the projected area of a crown at h, and
Pc hð Þ is the GF of an individual crown at h (Chen and

Leblanc 1997; Fan et al. 2014a, b), and it can be calculated

as

Pc hð Þ ¼ e�G hð Þ�L�S�XC hð Þ= Nc�tc hð Þ�ceð Þ ð4Þ

where G hð Þ is the projection of unit leaf area and is equal

to 0.5 for the spherical leaf angular distribution inside the

crown. XC hð Þ is the CI for leaves or shoots in an individual

crown (CIc) at h. ce is the ratio of half total needle area in a

shoot to half total shoot surface area for coniferous forests,

and is equal to 1 for broad-leaved forests (Chen and

Leblanc 1997).

The Neyman-A distribution (double-Poisson model)

Variations in environmental conditions often make the tree

spatial distributions non-random, i.e., trees in a forest are

often grouped to form patches or communities due to

topographical variations and uneven soil distributions. For

this reason, the Poisson model is incapable of describing

such patchiness or community effect in natural forests.

The Neyman distribution assumes that trees are ran-

domly distributed in communities or groups with equal

area first, and then the center of each community is dis-

tributed according to the Poisson model (Neyman 1939).

This model called the Neyman-A or double-Poisson model

by Franklin et al. (Franklin et al. 1985). Then GF of a

canopy becomes

PN t hð Þ ¼
Xk

i¼0

PN ið Þ � 1� tc hð Þ � 1� Pc hð Þð Þ
S� cos hð Þ

� �i
ð5Þ

where PN t hð Þ is GF of the Neyman-A model, PN ið Þ is the
Neyman-A probability of having i trees in a quadrat, and

k is an integer which should be large enough to consider all

overlapping of the trees in a quadrat (Chen and Leblanc

1997).

A hypergeometric distribution model for forest

plantations

Forest plantations are usually affected by humans to form

more regular tree distribution patterns than natural forests.

Trees in forest plantations at the stand level hardly com-

pletely overlap each other, so that every tree can more or

less have equal opportunities to intercept light and to

access to water and nutrients (West 2006). In other words,

the exclusion distances among trees in forest plantations

are larger than those in natural forests. These distances

produce a ‘‘crust’’ or a buffer zone for every crown. Fig-

ure 1 shows tree positions in a sample plot of a forest

plantation stand of Pinus massoniana in Chuzhou, China

(32�3300000N; 118�1200900E). Measurements of tree posi-

tions and the radius of crowns were made by means of

quadrate investigation in October 2013. Obvious exclusion

distances among trees are found from Fig. 1. Therefore,

considering the exclusion distances among trees, the tree

distribution in a forest plantation stand often does not

follow the Poisson model or Neyman-A model because the

two models would predict considerable overlap among tree

crowns, and therefore a hypergeometric model is devel-

oped to overcome this issue.

The hypergeometric model describes the probability of k

successes in n draws, without replacement, from a finite

population of size N that contains exactly m successes. Its

probability mass function is given by

f k; n;m;Nð Þ ¼

m

k

� �
N � m

n� k

� �

N

n

� � ð6Þ

If n = 1, the hypergeometric distribution is the binomial

distribution which is an independent event; while it is a

conditional probability if n[ 1, because every foregoing

sampling result could affect the subsequent sampling

probability. It means that every sampled object occupies a

certain space and this space must be discounted after it is

sampled for the subsequent sampling. The canopy GF can

be calculated similarly as this event sampling without

replacement. If trees are assumed to be solid spheres

(Pc hð Þ ¼ 0), the GF at h = 0� can be calculated as:

S� tcð Þ=S after the first tree is put on the ground; then GF

become S� 2� tcð Þ= S� tcð Þ after the second tree is put on
the ground. After considering n trees, GF can be calculated

as

S� tc

S
� S� 2� tc

S� tc
� S� 3� tc

S� 2� tc
� � � � � S� n� tc

S� n� 1ð Þ � tc

¼ S� n� tc

S

ð7Þ

The main difference between GF in Eq. (7) and GF

simulated by Poisson model (Eq. 3) is that in Eq. (7), the

denominator decreases gradually as trees are added one by

one, because every tree has its own space, and the total

space for subsequent tree distribution is reduced after a tree

is added. This process as described in Eq. (7) is sampling

without replacement.
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Trees are more complicated than the solid spheres in

real forests. In our study, exclusion distances among trees

in a forest plantation stand are described using a simple

parameter called relative allowable shortest distance

(RASD), which is defined as the relative allowable shortest

distance between centers of two adjacent crowns divided

by the mean diameter of the crowns. By definition, the

Poisson model is a special case of the hypergeometric

distribution model, i.e., the ‘‘RASD’’ of the Poisson model

is equal to 0.

The hypergeometric probability of having i trees in a

quadrat is

PH ið Þ ¼
Xnqc

i¼0

Nc

i

� �
� PH1 ið Þ � PH2 ið Þ=PH0 Ncð Þ ð8Þ

where nqc is the maximum number of trees in a quadrat and

it can be calculated as

nqc ¼
S

Nq � p� r � RASDð Þ2
ð9Þ

where Nq is the number of quadrats in a stand, r is the mean

radius of crowns, and RASD is RASD. PH0 Ncð Þ in Eq. (8)

means that there are Nc trees in the stand and the trees meet

the hypergeometric distribution. It can be calculated as

PH0 Ncð Þ ¼
YNc

j¼0

1� p� r � RASDð Þ2

S
j� 1ð Þ

" #
ð10Þ

PH1 ið Þ in Eq. (8) means that there are i trees in a quadrat

and the trees meet the hypergeometric distribution; PH2 ið Þ
means that there are Nc � i trees outside the quadrat and

the trees meet the hypergeometric distribution. They are

calculated as

PH1 ið Þ ¼ PH0 ið Þ � 1=Nq

� �i ð11Þ

PH2 ið Þ ¼ PH0 Nc � ið Þ � 1� 1=Nq

� �Nc�i ð12Þ

where Nq is the number of quadrats in a forest stand.

The sample plot in Fig. 1 is divided equally into 100

quadrats, and the number of quadrats having a certain

number of trees is shown in Fig. 2. The line of measure-

ments is distributed narrowly around the mean number of

trees per quadrat while the Poisson and the Neyman-A

distributions are much broader. Measurements from the

sample plot show an obvious deviation of the tree distri-

bution from the Poisson and the Neyman-A random cases

but a good consistency with the hypergeometric model

with the RASD = 0.85.

A larger value of RASD means a larger exclusion dis-

tance among trees and a larger area of the crust for every

crown. If the nearest two crowns are tangent to each other

a             b

Fig. 1 Trees position in a 100 9 100 m2 sample plot of P. masso-

niana plantation. a Obvious exclusion distances among trees are

found in the plot from Google earth; red rectangle is the boundary of

the plot; b measurements of trees position in the sample plot by means

of quadrate investigation; the red circles represent crowns (about 425

crowns) (color figure online)

0
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Number of tree per quadrat

Poisson Hypergeometric(RASD=0.85)
Measurements Neyman-A(m2=1)

Fig. 2 The tree distribution in the plantation stand of P. massoniana

divided in 100 quadrats compared with the Poisson, Neyman-A and

hypergeometric distributions. (m2 in the Neyman-A model means the

average number of trees in a cluster. The minimum value of m2 in the

Neyman-A model is 1. The larger value of m2 means stronger

clumping of the trees and a broader line distribution)
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at h = 0, the RASD is equal to 1; if the nearest two crowns

are intercrossed at h = 0, then the RASD is less than 1

(Fig. 3a); the RASD is greater than 1, if the nearest two

crowns are separated at h = 0 (Fig. 3b). Taking the

spherical crowns for example, GF can be calculated using

the hypergeometric model (similarly as Eq. 7):

PH t hð Þ ¼
Xnqc

i¼1

PH ið Þ �
Yi

j¼1

� 1� tc hð Þ � 1� Pc hð Þð Þ
S� cos h� Srej c hð Þ � 1� Pc hð Þð Þ � j� 1ð Þ

� �

ð13Þ

where th hð Þ is one half of the projection of crowns height

normal to h; Srej c hð Þ is the true repulsion area for calcu-

lating GF; scrust c hð Þ represents the crust area of a crown

and it can be calculated as

scrust c hð Þ ¼ RASD � rð Þ2�p� cos hð Þ ð15Þ

spse c hð Þ, which is inside of the crust but outside of the

crown, is pseudo repulsion area of the crown (Fig. 3c).

Results

For the purpose of demonstrating the influences of exclu-

sion distances on GF and CI, several assumptions are made

here: (1) spheroids are chosen for crowns. In fact, there are

infinite variety of shapes that spheroids can approximate

(Norman, 1983); (2) inclinations of shoots are assumed to

meet the spherical distribution, and G(h) in the Eq. (4) is

equal to 0.5. It is a common assumption in the field of

remote sensing (Fan et al. 2014a, b; Nilson et al. 2011); and

(3) XC hð Þ is assumed to equal to 1. These assumptions may

be violated for specific trees in real forests, but they can

clearly reveal how the exclusion distance affects GF and CI

in forest plantations to avoid the influences of other factors.

Simulated data are used here, and the validation of the

model is shown in the next section. RASD ranges from 0 to

1.14 in the simulations, and the other simulated input

parameters are listed in Table 1. 1.14 is the largest allow-

able value of RASD in this simulated forest stand, because

crowns or crusts of crowns could beyond the borders of

forest stand if RASD is greater than 1.14.

As shown in Fig. 4, the exclusion distances among trees

have strong impacts on GF. The red line, which represents

GF simulated by the Poisson model, is the maximum at any

h. The overall GF decreases progressively with increasing

h and RASD. The differences among the seven GF values

vary with h: the higher the value of h, the greater the

difference among them, i.e., GF with RASD = 1 is 32.4 %

lower than the Poisson’s GF at h = 0�. However, the latter
is over 22 times greater than the former at h = 80�.

The line with RASD = 1 is an obvious boundary for all

GF values in Fig. 4: if RASD B1, the six GF values have

very similar variation trends: (1) the higher the value of

RASD, the lower the value of GF; (2) the differences

among the six GF values increase with the value of RASD

varying from 0 to 1 at any h. It is because the crust area of a

Srej c hð Þ ¼
scrust c hð Þ for RASD � 1

scrust c hð Þ � spse c hð Þ for RASD [ 1 and RASD � rð Þ � cos hð Þ� th hð Þ
tc hð Þ for x[ r and x� cos hð Þ� ta b hð Þ

8
<

: ð14Þ

a b c

Fig. 3 Schematic of the hypergeometric model for trees in a forest

plantation stand. Solid circles represent crowns; green dash lines

represent the exclusion distances which are the products of RASD and

the mean diameter of the crowns; red zones mean pseudo reject areas

and need to be removed when calculating GF and CI. Dash circles are

the ‘‘crusts’’ of trees. a The crust is inside of the crown if h = 0 and

RASD\1; b the crust is outside of the crown if h = 0 and

RASD[1; c if h = 0, the crust of the crown is not a circle but an

ellipse (color figure online)
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crown is linearly related to the square of RASD (Eq. 15).

However, if RASD C1, the true repulsion area is not the

total crust area of the crown, but the crust area subtracted

by the pseudo repulsion area according to Eq. (14). If trees

are assumed to be solid spheres, the total ground coverage

of the spheres, which is equal to 1 - GF at h = 0�, is an
invariant value; no matter how the spheres are distributed

on the ground. Therefore, the two GF values with

RASD C1 are nearly equal to each other at low h. How-
ever, the crowns with RASD = 1 are more likely to

overlap each other than the ones with RASD = 1.14 with

increasing h. In other words, the former distribute more

regularly than the latter with increasing h.
As shown in Fig. 5, the exclusion distances have also

strong impacts on CI. The overall CI increases progres-

sively with increasing RASD. Similarly, the line with

RASD = 1 is also an obvious boundary. If RASD B1, six

CI values have similar variation patterns: all CI values are

almost the same at any h (increase slightly at very large h),
and the differences among the six CI values increase with

RASD varying from 0 to 1. However, CI increases quickly

with increasing h if RASD[1.

The maximum CI (about 0.7) in Fig. 5 is still smaller

than 1. This means that leaves in the canopy are still

clumped. It is due to that crowns form many clumped

aggregations in the forest although the trees or crowns are

regularly distributed in the forests and shoots are assumed

to be randomly distributed within every crown.

In general, the exclusion distances have strong impacts

on GF and CI: the larger the exclusion distance among

trees, the more regular distribution of leaves in the canopy

is; the greater the value of RASD, the lower the value of

GF and the greater the value of CI.

Experimental validation

Pinus massoniana and Populus davidiana, which are two

popular forest plantation tree species in China, were chosen

to validate GF and CI calculated by the hypergeometric

model. Two P. massoniana plantation stands (32�3300000N,
118�1200900E; 32�3305400N, 118�1201400E) and two P.

davidiana plantation stands were chosen (32�2900500N,
118�1204800E; 32�3005900N, 118�1205300E). The two P.

massoniana stands were about 30 years old (PM1) and

15 years old (PM2), respectively; the two P. davidiana

stands were about 11 years old (PD1) and 8 years old

(PD2), respectively. Four sample areas were all

100 9 100 m2. The size, the number of crowns and the

RASD of the stands were measured, respectively; needle-

to-shoot area ratios were measured for the two coniferous

forests (PM1 and PM2) and were equal to 1 for the two

broad-leaved forests (PD1 and PD2); LAI were measured

by destructive sampling: five representative trees were

chosen first and then five representative branches were

sampled from top to bottom of each tree; The mean angles

between branches and trunks (abj), the mean angles between

branches and twigs (abbj), as well as the mean angles

between leaves or shoots and twigs (aLj) were measured. All

needles or leaves on the sampled branches were collected.

The lengths of the needles were measured; the radii of

needles in an individual tree were assumed to be invariant.

All leaves on the sampled branches of two broad-leaved

Table 1 Simulated model inputs

Parameters Value

S (m2) 100 9 100

Nc 2200

Ha (m) 1

Hb (m) 2

r 1

ce 1.33

LAI 5

XC 1

In Table 1, Ha is the mean height of the lower part of the tree (trunk),

Hb is the mean height of crowns, and r is the mean radius of crowns
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Fig. 4 Comparison of the GF of canopies with different RASD
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Fig. 5 Comparison of the CI of canopies with different RASD values
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forests were laid on the ground one by one, and total leaf

areas were measured using a digital camera. Finally, LAI

was calculated as half the total needle or leaves area per unit

ground surface (Chen and Black 1992). All GF values were

measured below the overstory on an overcast day using Li-

Cor LAI-2000 Plant Canopy Analyzer (LAI-2000), and CI

was measured using the optical instrument Tracing Radia-

tion and Architecture of Canopies (TRAC) at h & 46� on a
sunny day in October 2013 in Chuzhou, China (Table 2).

If the inclination of leaves meets the conical distribu-

tion, the G value of leaves can be calculated by (Ross 1981;

Leblanc et al. 1999):

G h; aLð Þ ¼
cos aL � cos h h� p

2
� aL

cos aL � cos h� 1þ 2� tan x� x

p

h i
h[

p
2
� aL

8
><

>:

ð16Þ

where x ¼ cos�1 cot aL � cot hð Þ and aL is the inclination

angle of the leaves, and h is the view or solar zenith angle.

However, forest canopies often have obvious hierarchical

structures, i.e., branches and twigs, etc., and these structures

have significance in the stand-level radiation transmission at

various angles and therefore the overall G value of the stand.

Leaves often incline to twigs rather than trunk or branches.

The inclinations of leaves in a branch or a twig are different

for the two tree species because leaves are around every twig

and twigs are around every branch (Fig. 6). While, in a

branch level, the angles between the branch and twigs have

no obvious differences; similar characteristics could be

shown in a twig level where the angles between the twig and

leaves also show little changes. In fact, many trees have

these sub-crown characteristics. The assumption that the

angles between ‘‘children’’ structures and ‘‘mother’’ struc-

tures within a crown (Fig. 6) have no obvious differences

was often made in many plant structural models (Perttunen

et al. 1996, 2001; Chen et al. 1994; Lacointe 2000). These

growth patterns provide a means of calculating the overall G

value for the canopy. In Eq. (16), two angles are defined: (1)

the angle between the direction of view or light and the

trunk (h), and (2) the angle between the leaves and the trunk

(p/2 - aL). These two angles are important to determine the

overall G value. In this paper, the stand-level G value can be

calculated similar to Eq. (16), but the vertical coordinate of

spatial reference systems in Eq. (16) need to be rotated from

the trunk to branches or twigs.

The light interception coefficient G of the canopy can be

calculated as

G hsbbð Þ ¼ 1

4p2

Z2p

0

Z2p

0

G0 hsbb; p=2� aLj
� �

dbbbdbb ð17Þ

where hsbb is angle between light or view direction and a

twig, and it can be calculated using the space geometry;

G0 hsbb; p=2� aLj
� �

is the G value of leaves on a twig, and

it can be calculated using Eq. (16). bb is the azimuth angle

of branches, and bbb is the azimuth angle of twigs.

As shown in Fig. 7, GF values simulated by the

hypergeometric model are closer to the measurements than

those simulated by the Poisson model at most zenith angles

for the four stands. The root mean squared error (RMSE)

between the simulations of the hypergeometric model and

the measurements at the first four zenith angles of LAI-

2000 (h = 7�, 23�, 38� and 53�) for the four stands is about
0.036, 0.042, 0.037 and 0.041, respectively; while RMSE

between the simulations of the Poisson model and the

measurements at the first four zenith angles of LAI-2000 is

about 0.108, 0.059, 0.128 and 0.140, respectively.

The measurements of GF are apparently lower than the

simulations at the fifth ring of LAI-2000 (h = 68�). This is
because of the tree trunks which had intercepted substantial

parts of light at high h but they are not considered in the

simulations. All GF values simulated by the hypergeometric

model are lower than the measurements at low h, suggesting
that the angular distributions of leaves, twigs and branches

included in Eq. (17) may have not been sufficient to con-

sider the stand-level G value. We postulate that the tree

crown shape might have a role to play in this model

α
bj

α
bbj

α

α
Lj

b

Fig. 6 Schematic diagram for the two trees species, where abj is the
angle between branches and the tree trunk, abbj is the angle between a

twig and a branch, aLj is the angle between a leaf and a twig. The

dotted ovals represent the ‘‘children’’ structures round the ‘‘mother’’

structures

Table 2 Parameters of four sample plots

Parameters PM1 PM2 PD1 PD2

Ha (m) 3.80 1.50 3.50 2.80

Hb (m) 6.40 2.1 7.10 5.90

r (m) 2.60 0.95 1.70 1.50

ce 1.70 1.75 1 1

Nc 420 1550 1020 890

RASD 0.85 1.05 0.90 1.12

LAI 4.30 3.20 4.80 3.10

abj (�) 65 70 15 20

abbj (�) 65 70 15 20

aLj (�) 50 55 80 80

In Table 2, abj is the mean angle between the branches and the trunk,

abbj is the mean angle between the twigs and the branches, aLj is the
mean angle between the leaves or shoots and the twigs
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underestimation of GF against measurements, because the

vertical tree crown shape can induce larger GF values at

lower zenith angles than our model assuming no tree crown

geometrical effect. The assumption of the random distribu-

tion of leaves or shoots within the crowns may also cause

error: leaves or shoots are in fact aggregated to some extent

within the crowns because of the hierarchical characteristics

of sub-crowns. However, we deem that the sub-crown

structures are highly complex, and both clumped and regular

distribution patterns of leaves or shoots may coexist within a

crown. From the measurement of GF (Fig. 7), the clumping

effects of leaves or shoots within the crowns are not obvious

at h & 40�, especially for the PM1 stand where GF values

simulated by the hypergeometric model agree well with the

measurements at the first four zenith angles of LAI-2000.

The gaps within a shoot are so small that TRAC hardly

detects them due to the penumbra effect (Chen and Cihlar

1995); therefore, CI measured by TRAC is in fact clumping

index at scales larger than the shoot level (CIshoot) (Chen

and Cihlar 1995). The relationship between CIshoot and CI

is: X = XE/ce, where XE means CIshoot (Chen 1996).

As shown in Fig. 8, there are no obvious differences

between measurements and simulations of CIshoot using the

hypergeometric model for the PM1, PD1 and PD2 stands.

However, the differences between measurements and sim-

ulations using the Poisson model are very significant for all

the four stands. The measurements are distinctly larger than

simulations used by the hypergeometric model for the PM2

stands because of the strong clumping effects within crowns.

Discussion

Clumping effects

The hypergeometric model is proposed for forest planta-

tions at the stand level. The differences of tree distribution

patterns in the forest among the Poisson model, the Ney-

man-A model and the hypergeometric model are studied in

‘‘Theory and methods’’. It is shown that the hypergeo-

metric model is more suitable for describing the spatial

relationship among trees in forest plantations at the stand

level than the Poisson model and the Neyman-A model.

The differences in GF or CI between the Neyman-A

model and the hypergeometric model are not given in this

paper. In fact, GF values simulated by the Neyman-A

model are even larger than those by the Poisson model, and

therefore, they are much larger than those by the hyper-

geometric model. There are no obvious patches or clumps

of trees in most forest plantations.

On a landscape with multiple forest plantations, individual

plantations may be regarded as forest patches, and clumping

of trees may occur at scales larger than the stand level. In this

case, the tree spatial distribution at the landscape level may be

described using multiple hypergeometric models, where the

hypergeometric model with different coefficients is used for

the individual mosaics of the landscape.

In many natural forests, there are often different tree

species with various crown sizes and clumped tree distri-

butions. Therefore, the Neyman model is more suit-

able than the hypergeometric model for these natural

forests. However, the Neyman model assumes a random

Fig. 7 Comparison of

measurements and simulations

of GF in the four forest

plantation stands (Postfix ‘‘_M’’

means the measurements of GF;

‘‘_H’’ means GF simulated by

the hypergeometric model;

‘‘_P’’ means GF simulated by

the Poisson model)
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Fig. 8 Comparison of measurement of CIshoot with simulations in the

four stands (simulation_H are the CIshoot simulated by the hyperge-

ometric model; simulation_P are the CIshoot simulated by the Poisson

model)
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spatial distribution of tree groups and a random spatial

distribution of trees within each group. It is therefore

incapable of simulating the mutual repulsion among trees

in competition of light and other resources. The mathe-

matical treatment of this repulsion effect developed for the

hypergeometric model would have implications on the

further development of the Neyman model to consider this

repulsion effect. For natural stands, where tree groups are

distinctly or regularly distributed, the hypergeometric

model may also be applicable, and more research can be

conducted to demonstrate this applicability. For natural

stands, where trees are randomly distributed, the hyperge-

ometric model can be used as the Poisson model (special

case) to describe the tree distribution.

Crown shapes

For convenience, the simulated crowns in ‘‘Results’’ are

assumed to be spherical; however, spheroid is an ideal

crown shape. Prolate and oblate ellipsoids are discussed

here. The radius of the two types of ellipsoids is also equal

to the horizontal radius of spheroids, but the height of

prolate and oblate ellipsoids is three times and one third of

the height of spheroids, respectively.

Figure 9 shows very similar variations to Fig. 4: the GF

values decrease with increasing h; the larger the value of

RASD, the lower the value of GF. The line with RASD = 1

is also a boundary. A notable difference from the spheroid

case is that GF changes quickly at low h for prolate ellip-

soids but at high h for oblate ellipsoids. The CI values of

three crown shapes are also all the same at h = 0 (Figs. 5,

10). However, the CI values are different among three crown

shapes: the CI values of the spheroids are nearly all the same

at any h, while CI of prolate ellipsoids increases and CI of

oblate ellipsoids decreases with increasing h. This is because
GF in an individual crown is the same at any h for spheroids

but changes for prolate or oblate ellipsoids with increasing h.

Conclusion

Plantations are forests created by man, by planting seeds or

seedlings. The human influence gives rise to larger exclu-

sion distances among trees in forest plantations than those
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Fig. 9 Comparison of GF of two crown shapes with different RASD. a Prolate ellipsoids; b oblate ellipsoids. Values in legend represent the

values of RASD
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Fig. 10 Comparison of CI of two crown shapes with different RASD. a Prolate ellipsoids; b oblate ellipsoids. Values in legend represent the

values of RASD
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in natural forests. Therefore, previous tree distribution

models commonly used for natural forests (the Poisson

model and the Neyman-A model) are not suitable for forest

plantations. Through developing a hypergeometric model

for describing tree distributions in forest plantations and

validation of the model using measurements in four forest

plantations, the following conclusions are drawn:

1. A simple and general distance factor defined as relative

allowable shortest distance between centers of two

adjacent crowns divided by the mean diameter of the

crowns (RASD) is proposed to describe quantitatively

the degree of mutual exclusion among trees at the

stand level for forest plantations of various tree

distribution patterns.

2. The hypergeometric model is more suitable than the

Poisson model and Neyman-A model for describing

the topological relationship among trees in forest

plantations, which have the tendency towards regular

tree distribution patterns. The Poisson model is a

special case of the hypergeometric model for describ-

ing trees distribution, and it can be replaced by the

hypergeometric model.

3. The exclusion distance has strong impacts on gap

fraction (GF) and clumping index (CI) at the stand

level for forest plantations. The results show that the

exclusion among trees induces the tendency of regular

distributions of leaves or shoots in the canopy: the

larger the exclusion distance among trees, the more

regular distribution of leaves (greater CI) in the canopy

is; the greater the value of RASD, the lower the value

of GF is. This tendency occurs because of the

clumping of foliage within crowns is partially com-

pensated by the regular tree distribution patterns.
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